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ABSTRACT. We consider a free interpolation problem in Nevanlinna and Smirnov classes and 
find a characterization of the corresponding interpolating sequences in terms of the existence of 
harmonic majorants of certain functions. We also consider the related problem of characterizing 
positive functions in the disc having a harmonic majorant. An answer is given in terms of a 
dual relation which involves positive measures in the disc with bounded Poisson balayage. We 
deduce necessary and sufficient geometric conditions, both expressed in terms of certain maximal 
functions. 
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1. Introduction and statement of results 

1.1. Interpolating sequences for the Nevanlinna Class. Let A be a discrete sequence of points 
in the unit disk D. For a space of holomorphic functions X, the interpolation problem consists 
in describing the trace of X on A, i.e. the set of restrictions X\A, regarded as a sequence space. 
One approach is to fix a target space / and look for conditions so that X\A = I. An alterna- 
tive approach, known as free interpolation, is to require that X\A be ideal, i.e. stable under 
multiplication by £°°. See [Nik02 ( Section C.3.1 (Volume 2)], in particular, Theorem C.3.1.4, 
for functional analytic motivations. This approach is natural for those spaces that are stable un- 
der multiplication by H°°, the space of bounded holomorphic functions on D. For Hardy and 
Bergman spaces both definitions turn out to be equivalent, with the usual choice of / as an HP 
space with an appropriate weight (see [ShHSh|, [Se93 ]). 

The situation changes for the non-Banach classes we have in mind, namely the Nevanlinna 
class 

N ={f E Hol(B) : lim— / 2 "log+ \f(re i6 )\ d9 < oo} 

l. r-*l 2lT JO ' 

and the related Smirnov class 

N + = {/ E N : lim J- F log + \f(re i0 )\ d6 = -L F \og + \f{e w )\ de). 

r-*l Z1X JO Z7T JO ' 

We briefly discuss the known results. Naftalevic |Na56| described the sequences A for which 
the trace X\k coincides with the sequence space Z Na = { (&a) a : sup A (l — |A|) log + \a x \ < oo} 
(we state the precise result after Proposition !!.! II) . The choice of Z Na is motivated by the fact that 
sup 2 (l — \z\) log + \f(z)\ < oo for f E N, and this growth is attained. Unfortunately, the growth 
condition imposed in Z Na forces the sequences to be confined in a finite union of Stolz angles. 
Consequently a big class of Carleson sequences (i.e. sequences such that H°°\A = £°°), namely 
those containing a subsequence tending tangentially to the boundary, cannot be interpolating in 
the sense of Naftalevic. This does not seem natural, for H°° is in the multiplier space of N. In a 
sense, the target space Z Na is "too big". Further comments on Naftalevic's result can be found in 
|HaMa01 1 and below, after Proposition !!.! II 

For the Smirnov class, Yanagihara [Ya74| proved that in order that A^ + |A contains the space 
^Ya = {( a x)\ '■ Ea(1 — | A | ) log + \a\\ < oo}, it is sufficient that A is a Carleson sequence. 
However there are Carleson sequences such that A^ + |A does not embed into ly a IYa74l Theorem 
3] : the target space Z Ya is "too small". 

We now turn to the definition of free interpolation. 

Definition. A sequence space / is called ideal if £°°l C /, i.e. whenever (a n ) n E I and (cu n ) n E 
then also (uj n a n ) n E I. 

Definition. Let X be a space of holomorphic functions in D. A sequence A C D is called free 
interpolating for X if X\K is ideal. We denote A E Int X. 

Remark 1.1. For any function algebra X containing the constants, X|A is ideal if and only if 

£°° c X\A. 
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The inclusion is obviously necessary. In order to see that it is sufficient notice that, by assump- 
tion, for any (uj\)\ E £°° there exists g E X such that g(X) = uj\. Thus, if {f{\))\ E X\K, the 
sequence of values (uo\f(X))\ can be interpolated by fg E X. 

It is then clear that Int N + C Int N. 

Since the Nevanlinna and Smirnov classes contain the constants, free interpolation for these 
classes entails the existence of a nonzero function f E N vanishing on A, hence the Blaschke 
condition Sasa(1 ~~ |A|) < 00 ls necessary and will be assumed throughout this paper. 

Given the Blaschke product B\ = rLeA with zero-sequence A, denote B\ = -Ba\{a} = 
B A /b x . Here 6 A = (|A|/A)(A - z){\ - ~\z)~ l . Define then 



Definition. We say that a Borel measurable function <p defined on the unit disc admits a positive 
harmonic majorant if and only if there exists a positive harmonic function h on the unit disc such 
that h(z) > ip(z) for any zsD. 

Let Har(©) denote the space of harmonic functions in D and Har + (D) the subspace of its 
positive functions. Consider also the Poisson kernel in D: 



Our characterization of interpolating sequences for the Nevanlinna class is as follows. Note 
that the existence of a harmonic majorant occurs at two junctures: first, to decide which se- 
quences of points are free interpolating, second, to identify the trace space that arises for those 
sequences which are indeed free interpolating. 

Theorem 1.2. Let Abe a sequence in D. The following statements are equivalent: 

(a) A is a free interpolating sequence for the Nevanlinna class N. 

(b) The trace space is given by: 

N\A = l N := {(gia)a : 3/iG Har + (D) such that h(X) > log + \a x \, A E A}. 

(c) (p\ admits a harmonic majorant. 

(d) There exists C > such that for any sequence of nonnegative numbers {c\}, 



We recall that any positive harmonic function on the unit disk is the Poisson integral of a 
positive measure on the unit circle, 



We will say that a harmonic function is quasi-bounded if and only if it admits an absolutely 
continuous boundary measure (for the reasons for this terminology, see IHe691 pp. 6-7]). The 
analogous result for the Smirnov class will, as can be expected, involve quasi-bounded harmonic 
functions. 




1 



if z = A E A 
if z i A 





]T c\ip\(X) = £ c A log |5 A (A)| _1 < C sup £ caPa(C). 



h(z) = P[p](z) = I P z {Qdii{Q 
Jan 
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Theorem 1.3. Let Abe a sequence in D. The following statements are equivalent: 

(a) A is a free interpolating sequence for the Smirnov class N + . 

(b) The trace space is given by 

iV + |A = l N + := {(a\)x : 3 h G Har + (D) quasi-bounded : h(X) > log + \a\\, A G A}. 

(c) tpA admits a quasi-bounded harmonic majorant. 

The classical Carleson condition characterizing interpolating sequences for bounded analytic 
functions in the unit disc is sup D y?A < oo, hence statements (c) in both results above can be 
viewed as Carleson-type conditions. 

In view of Theorems 11.21 and 11.31 it seems natural to ask whether the measure fi such that 
cp\ < P[p) can be obtained from A in a canonical way. We do not have an answer to this 
question, but with Propositions !!.! ll and ll . 1 2l it is easy to construct examples that discard natural 
candidates, such as the (weighted) sum of Dirac masses p = 2~)a(1 — M)£\> or i ts Poisson 
balayage (see definition below) dp = ~~ \M)Px(()d(T. 



1.2. Positive harmonic majorants. The condition in Theorem II .21 (d) arises in the solution of 
a problem of independent interest: 

Problem. Which functions (p : D — > M. + admit a (positive) harmonic majorant? 

Answers to this problem lead to rather precise theorems about the permissible decrease of the 
modulus of bounded holomorphic functions, e.g. Corollary II .51 below. See [Hay), [LySe97|; 



[EiEs| also provides a survey of such results. The existence of harmonic majorants is relevant 
as well to the study of zero-sequences for Bergman and related spaces of holomorphic functions 
0951 . 

An answer to the problem of positive harmonic majorants can be given in dual terms (see 
[NiTh| for another, more theoretical, characterization). The Poisson balayage (or swept-out 
function) of a finite positive measure fi in the closed unit disc is defined as 



B(p)(C) = I P z (()dp(z) 
Jo 



for ( G <9B. We will be interested in the class of measures having bounded balayage. Recall 
that Carleson measures are those finite positive measures whose balayage has bounded mean 
oscillation [Gar81 , Theorem VI. 1.6, p. 229]; this is also an easy consequence of the i/ 1 -BMO 
duality [Gar81 , Theorem VI.4.4, p. 245]. Hence positive measures with bounded balayage form 
a subclass of the usual Carleson measures. It is easy to see (cf. Section© that positive measures 
with bounded balayage are precisely those which operate against positive harmonic functions, 
that is, those measures p for which there exist a constant C = C(p) such that 



h(z)dp(z) < Ch(0) 
for any positive harmonic function in the unit disc D. 

Theorem 1.4. Let ip be a nonnegative Borel function on the unit disk D. Then there exists a 
(positive) harmonic function h such that h(z) > ip(z) for any z6l if and only if there exists a 
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constant C = C (</?) such that for every positive measure \i, 

j <f(z) dfi(z) < C sup / P z (Qdn(z). 
Jo (edo Jo 

The necessity of the condition is obvious, while the sufficiency follows from a convenient 
version of a classical result in Convex Analysis, known as Minkowski-Farkas Lemma. The char- 
acterization of interpolating sequences in the Nevanlinna class in dual terms given by condition 
(d) in Theorem [L2] follows from this result. 

This can be applied to study the decrease of a non-zero bounded analytic function in the disc 
along a given non-Blaschke sequence. 

Corollary 1.5. Let Abe a separated non-Blaschke sequence and a) AeA « sequence of positive 
values. Then there exists a non-zero function f 6 H°°(B) with |/(A)| < e\, A G A, if and only 
if A is the union of a Blaschke sequence and a sequence V for which there exists a universal 
constant C = C(T) such that 

c 7 \oge~ 1 < C sup C 7 P 7<X) 
7 er fe» 7G r 

for any sequence of nonnegative numbers (c 7 ) 7g r- 

We do not know what is the corresponding analogue of Theorem II .41 for quasi-bounded har- 
monic functions (i.e. for the Smirnov class). In proving the sufficiency of such an analogue, one 
should deduce that the measure ii giving h = P[fj] is absolutely continuous with respect to the 
Lebesgue measure. This extra condition on /i does not seem to follow in an obvious way from 
our proof, based on Farkas' Lemma. 

For the problem of harmonic majorants it is desirable to obtain criteria which, although only 
necessary or sufficient, are more geometric and easier to check than the duality condition of 
Theorem 1 1.41 

Recall that the Stolz angle with vertex ( E <9D and aperture a is defined by 

r a (C):={^GD:|2-C|<«(l-|^| 2 )}. 

In our considerations the angle a is of no importance, so we will write T(() for the generic Stolz 
angle with aperture a. Given a function / from © to M + , the non-tangential maximal function is 
defined as 

M/(C) :=sup/. 
r(C) 

Let a be the normalized Lebesgue measure on <9D. Consider the weak-L 1 space 

LKdB) = {/ measurable : supta{C : |/(C)| > *} < °°} 

t>o 

and let 

L l w>0 (dB) = {/ measurable : lim ta{( : |/(C)| > t} = 0}. 

It is well-known that the non-tangential maximal function of the Poisson transform of a pos- 
itive finite measure belongs to L]^ HGar8 1 , Theorem 5.1, p. 28]. A more careful analysis shows 
that if p, is absolutely continuous, then its Poisson transform is in L x w . This and some easy 
estimates imply the following result. 
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Proposition 1.6. (a) If tp admits a harmonic majorant, then Mip G L^(<9B). 

(b) If ip admits a positive quasi-bounded harmonic majorant, then Mip G L x w (<9O). 

(c) If Mip G L 1 (9D), then the function ip admits P[Mip] := P[Mtpda\ as a quasi-bounded 
harmonic majorant. 

As far as necessary conditions are concerned, there is a way to improve the previous result by 
using another maximal function. 

Definition. Given a nonnegative function / defined on the unit circle, its Hardy-Littlewood max- 
imal function is given by 

f*(x) : = sup—— / /. 
i 3x a (I) J i 

For ip a nonnegative function on the disc, define 

^(C):=sup^) X * 2 (C), 

zero 

where I z is the "Privalov shadow" interval 

(1.1) I z :={(ed3:zeT(()}. 

Proposition 1.7. (a) If ip admits a harmonic majorant, then ip H G L^(<90). 
(b) If ip admits a quasi-bounded harmonic majorant, then <p H G L x w (dV>). 

We will give some examples in Proposition 17.41 that show that this is indeed stronger than 
the necessary condition given in the first part of Proposition 1 1.61 but still falls short of giving a 
sufficient condition for the existence of a harmonic majorant. 

1.3. Geometric criteria for interpolation. We would like to obtain some geometric implica- 
tions of the analytic conditions given in Theorems 11.21 and 11.31 To begin with, we would like 
to state the maybe surprising result that separated sequences (with respect to the hyperbolic dis- 
tance) are interpolating for the Smirnov class (and hence the Nevanlinna class). Recall that a 
sequence A is called separated if 5(A) := ^inf p(A, A') > 0, where 

p{z,w) := \b z (w)\ = ^ — — , 

1 — zw 

is the pseudo-hyperbolic distance. 

For such sequences, the values log |5a(A)| _1 can always be majorized by the values at A G A 
of the Poisson integral of an integrable function (see Proposition ^. II) . thus the following corollary 
is immediate from Theorem II .31 

Corollary 1.8. Let A. be a separated Blaschke sequence. Then A G Int N + (hence A G Int N). 

More precise conditions can be deduced from Propositions II .61 \lJ\ and (c) in Theorems II .21 
andOl 

Corollary 1.9. Let A. be a sequence in D. 

(a) If A G Int N then ipf G Ll(dB). If A G Int N + then <p% G L^dB). 

(b) IfMipA G L 1 (dB) then A G Int N + (and hence A G Int N). 
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Notice that the necessary conditions obtained by replacing ip^ by Mip^ in (a) also hold. This 
in an immediate consequence of the estimate (pj[ > M(p\. 

This result implies the following Carleson-type conditions. 
Corollary 1.10. (a) If A G Int N+, then 

(1.2) lim(l-|A|)log| J B A (A)|- 1 = 0. 

(b) IfA G Int/Y, then 

(1.3) sup(l-|A|)log| J B A (A)r 1 <oo. 

AeA 

(c) If A is Blaschke and 

(1.4) ^(1 - |A|)log|i? A (A)|- 1 < oo, 

AeA 

then A G Int iV + (and so also A G Int N). 

Condition (11.21) already appeared in HYa741 Theorem 1] as a necessary condition for the se- 
quence space Z Ya ( as defined in the beginning of Section 1.1) to be included in the trace of N + . 

In some situations the conditions above are indeed a characterization of interpolating se- 
quences. For instance, the weak L 1 -condition characterizes interpolating sequences lying on 
a radius, while for sequences approaching the unit circle very tangentially the characterization is 
given by the strong L 1 -condition. This is collected in the next results. 

Proposition 1.11. Assume that AcD lies in a finite union ofStolz angles. 

(a) A G Int N + if and only if ( fO) holds. 

(b) A G Int N if and only if (11.31 ) holds. 

It should be mentioned that (b) can also be derived from Naftalevic's result INa561 Theorem 
3]. On the other hand, his full characterization of the sequences such that N\A = Z Na can also be 
deduced from Theorem 1 1.21 



Corollary (Naftalevic, 1956). N\A = l Na if and only if A is contained in a finite union ofStolz 
angles and d 1 .31) holds. 

Let us consider the other geometric extreme, sequences which in particular only approach the 
circle in a tangential fashion. Write 

(1.5) liA := £(! - \X\)Sx, 

A 

where 5\ stands for the Dirac measure at A. 

Proposition 1.12. If ha has bounded balayage, then A G Int if and only if A G Int A^ + , and 
if and only if ( 11.41) holds. 

Note that the condition that /ia has bounded balayage implies in particular that A approaches 
the circle tangentially. In SectionlU we will see more concrete conditions of geometric separation 
which are sufficient to imply that has bounded balayage (Proposition l8.2l) . 
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When fi A has bounded balayage, the trace space will embed into Yanagihara's target space. 
More precisely, the following result holds. 

Proposition 1.13. The following are equivalent: 

(a) N\K c l Ya , 

(b) N + \Acl Ya , 

(c) /iA has bounded balayage, i.e. sup£ g(9D X)a(1 ~~ | A| )-P\(C) < °°- 

Yanagihara considered the sequences such that iV + |A D / Ya . These are automatically in 
Int N + , since for any Blachke sequence Z Ya ^ Conversely, Lemma [Q1 (see Section [5]) 
implies that / Ya C In+, thus if A G Int A^ + , then by Theorem 1 1.3r b) A^ + |A D Z Ya . Therefore 
Theorem [T3] characterizes in particular the sequences studied by Yanagihara. 

Altogether, free interpolation for the Nevanlinna and Smirnov classes can be described in 
terms of the intermediate target spaces In and In+- Notice first that always A^ + |A C In+ and 
N\ A C l N (this is proved at the beginning of Sectional). So, A G Int N + if and only if 1 A D 
l N +, and A G Int A r if and only if N\A D l N . Observe also that / Ya C In+ C In C Znb- 

The paper is organized as follows. The next section is devoted to collecting some basic results 
on functions in the Nevanlinna class. In Section |3] we prove the sufficiency for interpolation 
of the conditions (c) of Theorems 11.31 and 1 1 . 21 We essentially use a result by Garnett allowing 
interpolation by H°° functions on sequences which are denser than Carleson sequences, under 
some decrease assumptions on the interpolated values. In Section HI we study the necessity of 
these conditions. We first observe that in the product B\(\) appearing in Theorem 1 1.21 only the 
factors b\ (A') with A' close to A are relevant. Then we split the sequence into four pieces, thereby 
reducing the interpolation problem, in a way, to that on separated sequences. The trace space 
characterization will be discussed in Section|5j In Section[6]we consider measures with bounded 
balayage, show that they operate against positive harmonic functions and prove Theorem 1 1.41 In 
Section UJ we prove Proposition 1 1.71 and provide examples to show that the sufficient condition 
is not necessary, and the necessary condition not sufficient. Section[5]is devoted to the proofs of 
Corollary II .101 Propositions I1.1HI1.131 and ll.121 as well as the deduction of Naftalevic's result 
from Theorem 11.21 Also, we give examples of measures with bounded balayage. In the final 
section, we exploit the reasoning of Section|3]to construct non-Carleson interpolating sequences 
for "big" Hardy-Orlicz classes. 

Acknowledgements. The authors wish to express special thanks to Jean-Baptiste Hiriart- 
Urruty for introducing them to Farkas' Lemma, and to Alexander Borichev for Theorem l7.il 



We next recall some standard facts about the structure of the Nevanlinna and Smirnov classes 
(general references are e.g. UGarSll . INik02ll or IRosRovl ). 

A function / is called outer if it can be written in the form 



where \C\ = 1, v > a.e. on dH) and \ogv G L 1 (9D). Such a function is the quotient / = /1//2 
of two bounded outer functions / 1( f 2 G H°° with ||/j||oo < hi — 1)2. In particular, the weight 



2. Preliminaries 




INTERPOLATION IN THE NEVANLINNA CLASS AND HARMONIC MAJORANTS 



9 



v is given by the boundary values of I/1//2I. Setting w = logv, we have 

log \f(z)\ = P[w](z) = [ P z (C)w(C)da(0. 

Jan 

This formula allows us to freely switch between assertions about outer functions / and the asso- 
ciated measures wdcr. 

Another important family in this context are inner functions: I £ if 00 such that |/| = 1 almost 
everywhere on <9B. Any inner function I can be factorized into a Blaschke product B\ carrying 
the zeros A = {A n } n of I, and a singular inner function S defined by 

C + z 



S{z) = exp J - f - — - d/i(C) 

J dO C — Z 



c 

for some positive Borel measure [i singular with respect to Lebesgue measure. 

According to the Riesz-Smirnov factorization, any function / £ N + is represented as 

- BSfx 
J = a— 7—, 
H 

where / 1; f 2 are outer with ||/i||oo) H/2II00 < 1, 5 is singular inner, B is a Blaschke product and 
\oi\ = 1. Similarly, functions / £ N are represented as 

with fi outer, ||/i||oo < 1 5 Si singular inner, B is a Blaschke product and |ct| = 1. 

In view of the Riesz-Smirnov factorization described above, the essential difference between 
Nevanlinna and Smirnov functions is the extra singular factor appearing in the denominator in 
the Nevanlinna case. This is reflected in the corresponding result for free interpolation in N by 
the fact that (p^ is bounded by a harmonic function, not necessarily quasi-bounded. 



3. From harmonic majorants to interpolation 



For a given Blaschke sequence A C D set 5\ = \B\(\)\. The key result in the proof of the 
sufficient condition is the following theorem by Garnett [Gar77|, that we cite for our purpose in 
a slightly weaker form (see also [Nik02| as a general source, in particular C. 3. 3. 3(g) (Volume 2) 
for more results of this kind). 

Theorem. Let if : [0, 00) — > [0, 00) be a decreasing function such that / °° ip(t) dt < 00. If a 
sequence a = (a\)\ satisfies 

g 

\a\\ < 5 x <p(\og— ), A £ A, 
then there exists a function f £ H°° such that /|A = a. 

Observe that according to our former notation we have \og(e/5\) = I + ip&(\). 

As we have already noted in Remark fTTTl in order to have free interpolation in the Nevanlinna 
and Smirnov classes, it is sufficient that £°° C N\A and £°° C A + |A respectively. Our aim will 
be to accommodate the decrease given in Garnett's result by an appropriate function in N or N + . 
This is the crucial step in the proof of the sufficient conditions of Theorems 11.31 and 11.21 and it 
occupies its main part. 
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Proof of sufficiency of \1.3\ (c) and U .2\ < c). The proof will be presented for the more difficult case 
of the Nevanlinna class. So, assume that h G Har + (D) majorizes ip^. Then h is the Poisson 
integral of a positive measure /i on the circle and the function 

(3.1) g(z) = [ $±±dn(C) 



c 

has positive real part in the disc. By Smirnov's theorem, g is an outer function in some H p , 
p < 1, and therefore in iV + (see [Nik02|, in particular A.4.2.3 (Volume 1)). Also exp(g) is in the 
Nevanlinna class. By assumption we have log(l/5 A ) < Re g(A), A G A. 

Take now ip(t) = (1 + t)~ 2 , which obviously satisfies the hypothesis of Garnett's theorem, 
and set H = (2 + g) 2 , which is still outer in N + . We have the estimate 

|F(A)| = |2 + g(X)\ 2 > (2 + Re g(X)) 2 > (1 + log f ) 2 = 1 

b x (p{log(e/dx)) 

hence the sequence (7a) a defined by 

= 1 
7A " tf(AMlog(e/S A ))' E ' 

is bounded by 1. 

In order to interpolate cu = E £°° by a function in N, split 

^A7Aexp(-ff(A)) e x H(X) 

UJ X = [ £ Ox^Og — ) ) : -. 



5 X 1 exp(-^(A))' 



Since by hypothesis (cg>a7a exp(— (7(A))/5a)a is bounded, we can apply Garnett's result to 
interpolate the sequence 

w A 7 A exp(-#(A)) n e 

«a = t ^A^(log — ), A G A, 

^a o A 

by a function / G if 00 . Now F = fHexp(g) is a function in iV with F|A = cu. 

The proof for the Smirnov case is obtained by observing that if the measure [i is absolutely 
continuous, then the function exp(g) is in the Smirnov class and so is the interpolating function 
F. ■ 



4. From interpolation to harmonic maiorants 

We first show that in order to construct the appropriate function estimating log |-B A (A)| _1 we 
only need to consider the factors of Bx given by points A' G A which are close to A. This is in 
accordance with the results for some related spaces of functions [HaMaOl , Theorem 1], and it 
obviously implies Corollary II .81 

Proposition 4.1. Let Abe a Blaschke sequence. For any 5 G (0, 1), there exists a quasi-bounded 
positive harmonic function h = P[w], w G L 1 (9D), such that 



-log [] \bx(z)\<h(z), zeB, 

X:p(X,z)>6 
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and therefore an outer function G G iV + , where G = exp(-g) and g is given by (13.11) with 
dfi = wdcr, such that 

II \bx(z)\ > \G(z)\, zeB. 

X:p(X,z)>8 

Proof. We shall use the intervals I z introduced in dl.lb . In I NPTI p. 124, lines 3 to 17], it is 
proved that the function w given by 

AeA 

where cq is an appropriate positive constant, is suitable. At this juncture, the separation hypoth- 
esis made in HNPT1 Lemma 4] is no longer used. ■ 

Proof of the necessity o f\1.3\ (c) and \1.2\ (c). We will use a dyadic partition of the disk: for any n 
in N, let 

(4.1) I n>k := {e ie : 6 G [27r£;2~ n , 2n(k + l)2" n )}, < k < T. 
and the associated Whitney partition in "dyadic squares": 

(4.2) Q ntk := {re w : e w G J„ )fc , 1 - 2~* < r < 1 - 2— 1 }. 

Observe that the hyperbolic diameter of each Whitney square Q n ^ is bounded between two 
absolute constants. 

We split the sequence into four pieces: A = Ui=i A» such that each piece Aj lies in a union of 
dyadic squares that are uniformly separated from each other. More precisely, set 

Ax = AHQ (1) , 

where the family is given by {Q2n,2k}n.k (for the remaining three sequences we respectively 
choose {Q 2 n,2k+i}n,k, {Q2n+i,2k}n,k and {Q 2 n+i,2k+i}n,k)- In order to avoid technical difficulties 
we count only those Q containing points of A (in case A H Q is empty there is nothing to prove). 
In what follows we will argue on one sequence, say A x . The arguments are the same for the other 
sequences. 

Our first observation is that, by construction, for Q, L G Q ^ L, 

p{Q,L) := inf p(z,w) >5>0, 

z€Q,w£L 

for some fixed 5. In what follows, the letters j, k... will stand for indices in N 2 of the form 
(n, /), < / < 2 n . The closed rectangles Qj are compact in D so that Ai D Qj can only contain 
a finite number of points (they contain at least one point, by assumption). Therefore 

< rrii := min |£> A (A)| 

J xeAinQj 1 v n 

(note that we consider the entire Blaschke product B\ associated with A \ {A}). Take Aj G Qj 
such that rrij = \B x i(X 1 j )\. 

Assume now that A G Int N. Since £°° C N\A, there exists a function f x G N such that 



/i(A) 



1 if A G 
if \i{\}} 3 . 
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By the Riesz-Smirnov factorization we have 

(4.3) /l = J B M{A]}j A_, 

where T 2 is singular inner, hi is some function in H°° and h 2 is outer in H°°. Again, we can 
assume ||/ij||oo < h i = 1> 2. Hence 

1 = IA(ADI < I^\{ax>,(ADI - [/, 2 (Ai)^ 2 (Ai)|' 

and 

|fi M{ A jl}j (ADl>l^(ADT 2 (Ai)|, fceN. 

Since /i 2 T 2 does not vanish and is bounded above by 1, the function log \ h 2 T 2 \ is a negative 
harmonic function. By Harnack's inequality, there exists an absolute constant c > 1 such that 

-\\og\h 2 (Xl)T 2 (Xl)\\ <\ log \h 2 (z)T 2 (z)\\<c\ log \h 2 (Xl)T 2 (Xl)\l zeQ k , 
c 

hence 

\h 2 (Xl)T 2 (Xl)\ c < \h 2 (z)T 2 (z)\ < \h 2 (Xl)T 2 (Xl)\ 1/c , z G Q k . 

This yields 

(4-4) l(^T 2 ) c (A')| < \(h 2 T 2 )(Xl)\ < \B A ^ }j (Xl)\ 

for every A' G Ai n Q k . 

Let us now exploit Proposition |4Tj By construction, the sequence {A]}.,- C Ai is separated. 
Therefore, there exists an outer function G\ in the Smirnov class such that 

\B { x ]}A{ xi } ^l)\>\Gi{X\)l ken. 

Again, G\ is a quotient of two bounded outer functions and we can suppose that G\ is outer in 
H°° with || Ci || oo < 1. Also, we can use Harnack's inequality as above to get 

|Gi(Ai)| > |GS(A')| 
for every A' G Ai U Q k . This together with ( 14.41) and our definition of A*, give 

|-Ba\{A'}(A')| > I^A\{Ai}(Afc)l = |-BA\{A}fc(*fc)l ■ l jB {A J 1 } J \{Aj;}(^fc)l 

> \(h 2 T 2 nx')\ ■ \g c i(x')\ 

for every A' G Q k and Q k G Q^. Set g 1 = (h 2 Gi) c and Si = T 2 ; by construction, g x is outer 
with || pi || oo < 1 an( l Si is singular inner. 

Construct in a similar way functions Si for the sequences A*, i = 2,3,4 and define the 
products g = nj=i <?i an d 5* = nj=i Si- Of course <? is outer in H°°, and S 1 is singular inner. So, 
whenever A' G A, there exists k G {1, 2, 3, 4} such that A' G A fc , and hence 

(4.5) |S A (A)| > \g k (X)S k (X)\ > \g(X)S(X)\. 

Therefore, the positive harmonic function h = — log \gS\ satisfies h(X) > — log |£>a(A)|. The 
proof for N + goes along the same lines, except that singular inner factors do not occur in (14.3b . 
and so will not appear in (14.51) neither. ■ 
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5. The trace spaces 

In this short section we prove the trace space characterization of free interpolation given in 
Theorems 11.21 and 11.31 

In order to see that (b) in each theorem implies free interpolation it suffices to observe that 
£°° C In+ C In and use Remark fTTTI 

For the proof of the converse, we will only consider the situation in the Nevanlinna class, since 
the case of the Smirnov class is again obtained by removing the singular part of the measure and 
the singular inner factors. 

Assume that (a A ) A G iV|A and that / G N is such that /(A) = a\, A G A. Since / can be 
written as / = fx/ \S2f2), where fx G H°°, ||/i||oo < h S2 is singular inner with associated 
singular measure ^5, and /2 G H°° is an outer function with H/2II00 < 1, we can define the 
positive finite measure = log(l/|/ 2 |) da + dfi s which obviously satisfies P[p](X) > log + \a\\, 
AG A. 

Conversely, suppose that (a\)x is such that there is a positive finite measure p, with P[p] (A) > 
log + \a\\. The Radon-Nikodym decomposition of \i is given by dfx = w da + dps, where w G 
L 1 (9D) is positive and ps is a positive finite singular measure. Let S be the singular inner 
function associated with fx s , and let / be the function defined by 

/(z)=exp(7 ^w(()da(C)), zeB. 
\Jdn Q — z J 

By definition, / is outer in N + and F = f/S G N. Clearly, log + \a x \ < log|F(A)|, thus 
\ a x\ < 1-^(^)1- Since N\A is ideal by assumption, there exists f G N interpolating (a\)\. ■ 



6. Harmonic majorants and measures with bounded balayage 

Let us start by proving that positive measures with bounded balayage are precisely those which 
operate against positive harmonic functions. Define 

B := {// positive Borel measures on D such that sup B(fx)(() < 1}. 

Cedo 

Proposition 6.1. Let \x be a positive Borel measure on the disk. Then f hdfi is finite for any 
positive harmonic function h on the disk if and only if there exists some c > such that fj, has 
balayage uniformly bounded by c. Furthermore, the relevant constants are related: 

sup B(//)(C) = sup / P 2 (C) dfi(z) = sup I / hdfi : h G Har + (©), h(0) = 

CedB CedOJD UB 



Ce9i 

and for any positive harmonic function h, 



h(0) = max / hdfx. 



Proof. Let h = P[v], where v > is a measure on <9D. If \x has balayage bounded by c, 

h(z)du(z) =11 P z (()du(z)dv(() < cu(dB) = ch(0). 
Jan Jn 
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Conversely, since z i— > P z (() is a harmonic function for any fixed (, J n P z (() dfi(z) is pointwise 
defined. Pick a sequence ( n such that 



lim / P z ((n) dfi(z) = sup / P z (() dfj,( 



where the supremum on the right hand side might a priori be infinite. Since the set E := {h G 
Har + (©) : h(0) = 1} is uniformly bounded on compact sets in D, a normal family argument 
shows that sup{ / D hdfi : h G E} < oo. Observe that the mapping z i— > P z (Cn) is in .E for every 
C„, n G N. Hence sup„ /„ P^Qd^z) < oo. 

This proves that // has bounded balayage, and the equalities between constants that we had 
announced. ■ 

The next result is a refined version of Theorem II .41 stated in the introduction. 

Theorem 6.2. Let if be a nonnegative Borel function on the unit disk. Then there exists a (posi- 
tive) harmonic function h such that h(z) > tp(z) for any z G D if and only if 

(6.1) My := sup / ipd/J, < oo. 

ties Jo 

Furthermore, 

M v = inf {h(0) : h G Har(D), h > if} . 

That (16.11) is necessary is clear from the above considerations. In order to prove that it is 
sufficient, we will reduce ourselves to a discrete version of it. We will use the dyadic squares 
introduced in (14.2ft . As in the previous section, choose a point z njk in each cube, say 

z(Q n> k) = z n>k := (1 - 2-") exp(2nk2- n ). 

Observe that by Harnack's inequality, there exists a universal constant K such that : if z, z' lie 
in the same Whitney square Q n ^ (as defined in (14.21) ). then K~ x P z i{C^) < P z (() < KP Z >((), for 
any C G dB. 

Lemma 6.3. The function if satisfies condition \6. il) if and only if there exists a constant M' 
such that for any sequence of nonnegative coefficients {c n) k\ such that 

(6-2) SUp J2 C n,k P z nk (0 < !> 

Ce» n>k 

then 

(6.3) J2 c n,kSn P ip< M;. 

n,k Qn,k 

Furthermore, C^M V < M' < CM V , where C > 1 is an absolute constant. 

Proof of Lemma lOl Pick z* k G Q n ^ such that <p(z* k ) > (sup Qn k ( f)/^ an d define the measure 

A* := En,fcC„,fc5 2 ; fc . Then, if {c n>fc } satisfies 

J P M {Qdii(z) = E c n,kP z ;JO < Kj2c n , k P Zn , k (0 < K - 

n.k n,k 
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So if ip satisfies (16.11 1. 

Cn,k sup if < 2 5^ c n>fc v?« >fc ) = 2 / ^ d/i < 2KM V . 

The converse direction is easier, and left to the reader (it also follows from the proof of the 
theorem, below). ■ 

We now need a classical result in convex analysis. Recall that the convex hull of a subset 
A C R d is defined as 

N 

Conv(A) := {J2 a i a i ■ ai ^ Aai>0,J2 a i = l }- 

i=l i 

If we write R + A := {Xx : X > 0, x G A}, then the conical convex hull of A is defined as 

N 

Cone (A) := Conv(M + A) = eA,ai> 0}. 

i=i 



When A is a finite set, the conical convex hull is equal to its closure: Cone(v4) = Cone^) 
(for this and other facts, see [HULL|). The key fact for us will be the generalized form of the 
Minkowski-Farkas Lemma [HULL, Chapter III, Theorem 4.3.4] that we cite here only for finite 
A. Let (■, ■) stand for the standard Euclidean scalar product in W L . 

Theorem 6.4. Let (a i; bj) G R d x M, 1 < j < N, be such that X := {x e R d : (a j} x) <bj} ^ 
0. Denote A :— {(aj,bj),l < j < N} C M d x R Then the following properties are equivalent 
for (v, r) eR d x R: 

(a) For any x G X, (v, x) < r. 

(b) 0,r) G Cone(A). 

We will use the following special case. For a vector v G R d , the coordinates are denoted by 
v\ 1 < i < d. Also, denotes the set of points of R d with nonnegative coordinates. 

Corollary 6.5. Given aj G R d , 1 < j < N, let X + := {x G : (ctj,x) < 1}, and suppose 
that X + 7^ 0. r/zen the following properties are equivalent for v G R+: 

(a) For any x G X + , < 1. 

(b) r/zere exist ctj > 0, 1 < j < N such that Y,f=i a j — 1 and for any i = 1, . . . , d, 

N 

j=i 

Proof. Let {ej}i<j<(i be the canonical basis of R d and consider 

A := {( % , 1), 1 < j < N} U {(-e,, 0), 1 < % < d}. 

Then X + corresponds to the X in Theorem l6.41 from what we see that (a) implies that there exist 
aj > 0, fa > 0, 1 < j < N, 1 < i < d, such that 

N d 

0,1) = J2 a A a 3^)- Y, A(ei,0). 
j=i i=i 



16 A. HARTMANN, X. MASSANEDA, A. NICOLAU, P. THOMAS 

When applied to each coordinate, this yields 1 = J2f=i a j an d 

N N 

3=1 3=1 

The converse implication is immediate. ■ 

Proof of Theorem \6?2\ Suppose that cp satisfies (16.11) . For each nonnegative integer m, we define 

a 3 - := (P Zn h (exp(ij ■ 2' m 2n))) 0<n<m for < j < 2 m - 1, 

0<fc<2 n -l 

d:=£n= 2 n and 
X+ := I {c n: k}o<n<m G R + : 

L 0<fc<2 n -l 

E c n , fc P Zn fc (exp(*j • 2- m 27r)) < 1, for 1 < j < 2 m - l}. 



0<n<m 
0<fc<2 n -l 



Obviously, X + is not empty: for instance c 0j o = 1 and c n ^ = for n > 1 gives a point in X + . 
We claim that any {c^} G X + will satisfy (16.21) up to a constant. Indeed, for any 9 E [0, 27r), 
there is an index j < 2 m so that j ■ 2^ m 2ix < 9 < (j + 1) • 2~ m 27r, therefore by Harnack's 
inequality, for any z such that \z\ < 1 — 2~ m , 

P z {e i0 ) = P,exp Wj .2-^- e) )(exp(y • 2- m 2vr)) < KP z (exp(zj ■ 2- m 2n). 

Therefore {K~ l c n ^} satisfies (16.2b . and by Lemma IQ1 and the hypothesis, cp satisfies (16.31) with 
constant KM'. Corollary 16 . 5 1 then implies the existence of positive coefficients (a™) 2 ™^ 1 with 
sum equal to KM' such that 

2 m — 1 

su P ^< £ a™P Zn Jexp(zj.2~ m 2n))= f P Zn Jv m , 
Q n , k j=0 Jdo ' 

where v m is the discrete measure on the circle given by the following combination of Dirac 
masses: 

2 m -l 

V — 2^1 3 °exp(ij-2- m 27r)- 
3=0 

Since the mass of v m is uniformly bounded by KM' , we can take a weak* limit v of this 
sequence of measures, so that for any (n, k), 



where /i := P[V]. Harnack's inequality now implies that there is an absolute constant C\ such 
that C\h[z) > (p(z) for any zGB. This proves the theorem, with the inequality 

inf {h(0) : h G Har(D), h > <p} < C^KM'^ < CC X KM^. 

The constants C, K and C\ only depend on the discretization we have chosen. Picking a dis- 
cretization with smaller "squares", we may make all three constants as close to 1 as we wish. ■ 



We finish this section with the proof of Corollary 1 1.5 
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Proof of Corollarv U. 51 Given a non-Blaschke sequence A, arguing as in UNPTI one can show 
that there exists a function / G H°°(D) in the unit disc with |/(A)| < s\ for any A G A if and 
only if A is the union of a Blaschke sequence and a sequence Y for which there exists a positive 
harmonic function h in the unit disc with ^(7) > — loge 7 for all 7 G Y. Then the result follows 
from Theorem ll.4l ■ 

7. Weaker conditions for the existence of harmonic majorants 

In this section we state first a sufficient condition implied by a result of Borichev on a similar 
problem. On the other hand, we also prove the necessary condition of Proposition !! .7l and show 
that it is not sufficient. 

The following was communicated to us by our colleague Alexander Borichev (see [NiTh| for 
a proof). 

Theorem 7.1. Given a collection of nonnegative data {(p n ,k} C K+, there exists a finite positive 
measure v on dV> such that 

—77 — r > Vn,k 

if and only if 

(7.1) S =: sup{ <Pn,k<r(I nt k) '■ {In,k}( n ,k)eA is a disjoint family} < 00. 

(n,k)eA 



This is an analogue of the discretized version of Theorem ll.2l cn. (as in Lemma 16731) obtained 
by considering only measures of type fi A := J2( n ,k)<=A °{In,k)bz n k , and by replacing the Poisson 
kernel P z by the "square" kernels 

K,(e») :=K Iz (e w ) : = -l_ X/- ( e »). 

Here I z denote the intervals defined in (ll.lt and \e stands for the characteristic function of E. 
The similarity of Theorem 1 1 . 21 with this result leads us to an: 

Open Question. Is condition (d) in Theorem II .21 still sufficient if we restrict it to {c\} such 
that for any A G A, c A = or (1 - |A|)? 

Theorem ET] together with the estimate K z < P z provide a sufficient (but not necessary) con- 
dition for domination by true harmonic functions, which is clearly less restrictive than requiring 
that Mip G L 1 (9D), but easier to check in concrete examples than the characterizing condition 
of Theorem ll.4l 

Corollary 7.2. Any positive function ip such that <f n ^ := supg nfe <^ satisfies (17.11) admits a 
harmonic majorant. On the other hand, the positive harmonic function z 1— ► P x (l) does not 
satisfy d7. II) for certain choices of A. 

Proof. It is well known and easy to see that there exists a constant c such that P z > cK In k for 
any z G Q n ,k (the constant c depends on the aperture a of the Stolz angle). Therefore, for any 

Z ^ Qn,k 

P[v](z) >c K T (C)du(C) > c U n,k > c^n,k = csup^, 
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which proves that P[(l/c)v] is the harmonic majorant we are looking for. 

To see that the condition is not necessary, consider any A C {(n, 1) : n G N}. Then the 
intervals J nil are all disjoint; however P Znl (1) ~ 2" ~ 0-(I nil ) -1 , so that condition d7.ll) will fail 
(the sum is comparable to #A). ■ 

In the same way as in Corollary II .101 Corollary 17 . 21 and Proposition 11.71 imply the following 
result. For Q = Q n> k, write I(Q) = 7„ )fc (the radial projection of the square to an arc of the 
circle). 

Corollary 7.3. Assume that A is contained in a union A of Whitney squares Q of center z{Q) 
and that 

sup{]T(l-KQ)l) sup log| J B A (A)|- 1 }<oo, 
QeA' x ^ An Q 

where the supremum is taken over all A' C A such that {I(Q), Q G A'} is a disjoint family, then 
A i5 interpolating for the Nevanlinna class. 

We move next to the proof of the necessary condition in terms of the Hardy-Littlewood maxi- 
mal function. 

Proof of Proposition U .71 (a) The problem can be localized, so we may work on the upper half 
plane, C + := {x + iy : y > 0}, with I x+ i y := (x — y, x + y), restricting ourselves to positive 
harmonic functions which are Poisson integrals of positive measures with finite mass. Here the 
Poisson kernel is given by 

P (s) - - V 



7T [x — sy + y z 

For a measurable set E C K. write \E\ — cr(E). Also, we only need to look at boundary points 
in a fixed bounded interval, say — 1 < x < 1. 

For any t > 0, let E t := {s G [—1, 1] : ¥> H (s) > t}. For any s G E t , there exists z = z(s) and 
J = J(s) D I z such that 

(7.2) <p{z) J xi, > t\J\, i.e. <p{z)\I z \ > t\J\. 

By Vitali's covering lemma, there exist an absolute constant c x G (0, 1) and a disjoint family of 
intervals Jj := J(sj), 1 < j < N, such that J2j \ Jj\ > Ci|S t |. 

Write Zj := z(sj) =: Xj + iyj. Note that since the point zj is contained in the "tent" over I Zj 
(therefore in the tent over Jj) the points Zj are separated in the hyperbolic metric. 

Now define new points z'j in the following way : let y'j := \Jj\/2 = yj\Jj\/\Iz 3 \ > Vj and 
z'j := Xj + iy'j. Note that \ Jj n I z >\ > \Jj\/2. 

We claim that h(z'j) > t, where h is a harmonic majorant of (p. Indeed, writing h = P[p], 



Wj Jm ]_ _|_ ^!z£i^ iry'j Jm. 1 + 

and, by O, h( Zj ) > ip{zj) > t\JA/\I \ = ty'Jy r 



j 
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Therefore, since Mh E Ll(R), 

f 1^1 < ^ E \Jj\ < E 14 n i z .\ < \{Mh > t}\ < 

5 5 

(b) Similarly. ■ 

We now give two examples showing that the necessary condition of Proposition ll.7l is strictly 
stronger than that of Proposition ll .6l but still not sufficient. 

Proposition 7.4. (a) There are functions ip such that ip H e L^(9B), but that do not admit a 
harmonic majorant. 
(b) There are functions tp such that Mip e L^(dB), ^ ^ L^(<9B). 

Proof. The proof rests on the following family of examples. Note that it is easy to turn those 
examples into examples of sequences which are (or are not) interpolating for the Nevanlinna 
class. 

Again we will work on C+. Our functions ip will vanish everywhere on the upper half plane, 
except on the sequence := x k + iyk, where Xk = k~ a and y k = k~^ . To ensure that 
Vk < ( x k+i — x k) 2 we take (3 > 2(a+l). With this choice, it can be deduced from Proposition l8.2l 
(or the remark before Lemma IQb . that a necessary and sufficient condition for the existence of 
a harmonic majorant is that Mip G L 1 , that is, 

(7.3) ^2 (p(X k )y k < oo. 

k 

We note that 

X*u (x) 



1 + max(l, 



\ x ~ x k\ 
Vk 



Henceforth we only study data {ipk} '■= {p(^k)} which are increasing sequences of positive 
numbers tending to infinity. We also assume that {(ipkVk + fk+Wk+i) / '{ x k — x k+i)}k forms an 
increasing sequence. Let k (t) := minjfc : t < ip k }. The necessary condition arising from the 
fact that Mip e £*(R) reads 

(7.4) J2 yk^kl- p (t)<j, Vt>0. 

k>k (t) t 

This condition will be assumed for both examples. 

Now, for k > k (t), define J k := {x : (pkXk( x ) > — ( x k - yk>P>k/t,x k + y k ip k /t), and let 
ki(t) := min{A; : J k H J k+ \ ^ 0}. Then, 

11'*= (0,x kl(t) +y kl{t) ^fl) = (0,k7 a (t) + k^(t)^) 

k>ki{t) 

and 

(7.5) \{x:^(x)>t}\ck-(t) + k^(t)^ + Z - £ f|-fcrW + 7 E S- 

r 1 k=k (t) K 1 k=k {t) K 
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In order to prove (a), choose ip k := e k k^ x . Since t ~ Zkoifikoit) 13 ' 1 , condition (17.41) becomes 
that (ek)k remains bounded above, while the necessary and sufficient condition (see (17.31) ) is 

V^<oo. 

* k 

With Ek '■= (log A;) -1 , this condition fails, so that ip admits no harmonic majorant. 

However, k (t) ~ (t logt) 1 /^" 1 ). Since x k - x k+1 ~ £r Q ~\ then l/kx{t) a+l ~ e kl(t) /{tk), 
thus h(t) ~ {t/e kl{t) y! a , and ~ (tlogt) 1 /". 

Therefore equation (17.51 ) becomes 

{x:Lp {x)>t} ^n^^^n^Hio^J 

i c a 
< v — < — , 

~ tlogt t - t 

and this choice of ip does satisfy the necessary condition given in Proposition ! 1.71 

To prove the second statement in the Lemma, choose e k := 1. With similar but easier calcula- 
tions one sees that k (t) ~ t 1 /^- 1 ) and ki(t) ~ t 1 ^. Therefore (17.51) becomes 

so the weak L 1 condition fails for ip H , even though ip satisfies the necessary condition in Propo- 
sitionlL6l ■ 



8. Proofs of the geometric conditions 

Proof of Corollarv U . 10\ Since 

hc{(ed3: M<p A (£) > log |5 A (A)| _1 }, A g A, 

to prove (a) and (b) it suffices to apply condition (a) of Corollarv U .91 Statement (c) follows from 
the next Lemma applied to ip A . 

Lemma 8.1. Let ip : D — > M + satisfy Y^x&ijO- ~ | A[)^(A) < oo. Then ip admits a harmonic 
majorant. 

Proof. Let u = Y.xVWXh- By assumption u E L 1 (9D) and obviously Mip < u, hence the 
result follows from Corollarv U .9r b). ■ 



Parts (b) and (c) also follow directly from Theorem[L2fd), by a simple argument based on the 
£\ i°° duality. ■ 

Proof of Proposition U . 1 1\ It is enough to consider the case where A is contained in only one 
Stolz angle. Indeed, if A = U™=i Aj with A^ C T^, I — 1, . . . , n, and Q ^ Q, then 

lim \B A (z)\ = 1, j ^ i, 
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so that log |Sa(A)| _1 behaves asymptotically like log |i?A i \{A}(A)|" 1 in 1^. (here A G Aj). Also, 
we can assume that the sequence is radial (this means that we replace the initial sequence by one 
which is in a uniform pseudo-hyperbolic neighborhood of the initial one; by Harnack's inequality 
such a perturbation does not change substantially the behavior of positive harmonic functions). 

According to Corollary 11.101 it is enough to prove the sufficiency of the conditions. Let us 
first show that condition (11.21 ) implies interpolation in N + . In order to construct a function 
w G L 1 ((9D) meeting the requirement of Theorem II .3r c) assume that A = {A n } n C [0, 1) is 
arranged in increasing order and set e n = (1 — |A n |) log |_B An (A„)| _1 . Clearly there exists a 
decreasing sequence (e n ) n with e n < e n , n G N, and Yim. n e n = 0. Now, if I n = I x „, set 

Jn = In \ Iri+l, Pn = ~ an d Set 

Then w G L l (dB), and 

p H (a„) > i PiK, o e mo > g ^(T^gr L ^ (c) 

= i ~i\ I = ~\ — m - i — m = log l 5 ^( A «)l • 

1 — \ A n\ 1 ~ \ A n \ -L — | ^\n. | 

This and Theorem 11.31 prove the assertion. 

The proof for the Nevanlinna class is even simpler. Set dfi s = Si, the Dirac mass on 1 G <9ID>. 
From (11.31) we get 

logl^A^- 1 < r^-i <^k](An), 

1 — \^n\ 

and we finish by applying Theorem ll.2l ■ 



Proof of Proposition U .12\ By Corollary [TTTO^c), we already know that (11.41) is a sufficient condi- 
tion for A to be interpolating for A^ + . Conversely, suppose that A is interpolating for N, that is, 
ifA admits a harmonic majorant. Since //a has bounded balayage, then J D <£>a^A*a < °°> which is 
exactly ([LIT ). ■ 

Proof of Proposition U . 1 3\ It is obvious that (a) implies (b). If we assume (c), //a will act against 
any positive harmonic function. Suppose F G N. As seen in Section |5J there exists a positive 
harmonic function h so that log + \F\ < h. Thus, taking n\ as in (11.51) . 

]T(l-|A|)log + |F(A)|= / log + |F(A)|d/i A (A)< / h{\) t^ A (A) < oo. 

Finally, to prove that (b) implies (c), suppose that (c) doesn't hold, i.e. g\ := — |A|)-P\ is 
unbounded. Since is lower semi-continuous, this implies that g& ^ L°°(<90). Since L°° is the 
dual of L 1 , there exists / G L 1 (9D) such that J m fg\ = oo. Taking an outer function F G 
with log \F\ = P[f] we see that 

£(l-|A|)log|F(A)| = £(l-|A|) / Pxf=f f9K = oo, 

so (b) doesn't hold. ■ 
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Proof of Naftalevic's theorem. Assume that A is contained in a finite union of Stolz angles and 
(11.31) holds. By Proposition 11.1 11 A G Int N, hence the trace N\A is given by the majorization 
condition of Theorem [L2tb). Taking as majorizing function the Poisson integral of the sum of 
the Dirac masses at the vertices, we see that N\A D i Na . 

Conversely, if N\A = then the trace is ideal, so A is free interpolating and by Corollary 
ll.lOr b) (11.31 ) holds. According to Theorem ll.2r b) and the definition of Z Na , the function 



(p(z) 




if z = A G A 
if z £ A 

admits a harmonic majorant h. Let h(z) = P[/jl](z) and consider the intervals 

i: = {(ed®:ze r a (C)}. 

There exist constants a and C a such that > C a for any z such that h(z) > (1 — l^l) -1 - 

If A is not contained in a finite union of Stolz angles, then there is an accumulation point 
C G dB of A' C A such that A' £ T P (C) for any (3. Pick (3 > a; then for A' G A', J$ ^ ( and 
we can construct an infinite subsequence A" C A' such that the Privalov shadows {/"/}a'gA" are 
disjoint. This prevents h from being the Poisson integral of a finite positive measure. ■ 

We now give an example of a concrete separation condition implying that /ia has bounded 
balayage. 

Proposition 8.2. Assume that AcDis contained in the union of a family A of Whitney squares 
such that 

| Arg(*(Q)) - Arg(z(L))| > g-\l - \z(Q)\) 

for any Q, L G A, Q ^ L, where z(Q) is the center of Q and g is a positive function, with g(x)/x 
decreasing and 



X 2 



< oo 



Then A G IntN if and only if A G IntN + , and if and only if 

£(1-K<2)I) sup log |-Ba(A) | _1 < oo 
QeA xeAnQ 

Note that this covers some cases where fi\ has not bounded balayage, even though another 
measure associated with the sequence will be (see the proof). 

In order to prove Proposition l8.2l consider the "Carleson window" Q(e ld , r) centered at e td , of 
side r: 

Q(e id , r) := {z G D : 1 - \z\ < r, | Arg(^) - 9\ < r}. 
The next result is a Carleson-type condition which implies boundedness of the balayage. 

Lemma 8.3. Suppose that jj,{Q{e l6 , r)) < g(r), where g is a nondecreasing function on [0,2) 
with 

g(x) 



o x 2 



-dx < oo. 



Then ji is a measure with bounded balayage. 
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A discrete version of this condition is 

^2 n sup/i(Q(e ie ,2-")) < oo, 

as can be checked by writing a Riemann sum. 

Proof. For any t > 0, let Q t (9) := {z e © : P z (e w ) > t}. This is a disk, tangent to the unit 
circle at the point e %e , of radius \/(t + 1). Therefore VL t {6) C Q(e te , C/t) for t > 1, say, with 
(7 > an absolute constant. 

Using the distribution function fi(Q t (9)) and the fact that the measure \i is bounded, we get 
the following estimate for the balayee of /i: 

f roc poo poo 

P z (e w )dfi(z) = / fi,(n t (e))dt<C 1 + fi(n t (6))dt < d + fi(Q(e i6 ,C/t))dt 
Jd Jo Ji Ji 

< d + r g(C/t)dt <Ci + C f 1 ^-dx < oo. 

Jl Jo X 2 



We will now compare measures satisfying the condition in Lemma lOl measures with bounded 
balayage and Carleson measures. Each set is included in the next, and the examples will show 
that both inclusions are strict. 

Example 1. Let a = {«„} be a sequence of nonnegative reals. Let /i Q be the measure 
concentrated on the circles centered at the origin of radius 1 — 2 _n given in dual terms by 

/ f(z)dfx a (z) := J2 r f^ 1 - 1- n Y e )d6. 

Jd lix Jo 

One can check that fx a is a Carleson measure if and only if it has bounded balayage and this 
happens if and only if J2n a n < oo. Also ji a satisfies the condition in Lemma lOl if and only if 

EnEfc>n«fc < OO. 

Example 2. Let m be a nonnegative- valued function on the interval [0, 1). Let fi m be the 
measure concentrated on the ray from the origin to 1 given by 

/ f(z)d/i m (z) := f f(x)m(x)dx. 
Jo Jo 

One can check that jj, m is a Carleson measure if and only if there exists a constant K such that 

f 1 m(x)dx<K6, V5>0 

J 1-5 

and fi rn is a measure with bounded balayage if and only if it satisfies the condition in Lemma lOl 
which happens if and only if 

f 1 mix) 

I dx < oo. 

J 1 — x 

In particular, if we take = k~ J , with 1 < 7 < 2, /i m is a measure with bounded balayage 
but it does not satisfy the condition in Lemma IOI if we take m(x) = 1, jj m is a Carleson 
measure, but it does not have bounded balayage. 
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In view of Proposition 11.121 among other things, it is interesting to understand for which 
separated sequences A the corresponding measure //a has bounded balayage. It is easy to see 
that this is the case when |A/|A| - X'/\X'\\ > (1 - |A|) 1/2 , A' ^ A, but more is true. 

Lemma 8.4. Suppose that g is a positive valued function such that g(x)/x is increasing and 



X 2 



-dx < oo. 



Let g 1 stand for the inverse function of g. Then, if we have a sequence AcD such that 

A A' 



|A| |A'| 

the measure //a has bounded balayage. 



> ^(l-IAI), VA'^A, 



Examples of such functions g are given by a; (log -) 1 £ , with e > 0. In that case, g x (t) — 
t(logi) 1+£ . 

On the other hand, we can see that for the above lemma to hold, we must have g~ l (t) » t. 
More precisely, take the sequence in the upper half -plane given by 

\ k -= e - k + ik- 1/2 e~ k . 

Then, Re X k — Re A^+i ~ e~ k , so the sequence {\k}k verifies the separation condition in Lemma 
IQIwith g~ l (x) ~ a; (log \) 1/2 , but 

2 



Proof of Lemma W/l\ Let 9 G [0, 2tt). By hypothesis, there is at most one A G A such that 



(Arg(A) - \g-\l - |A|), Arg(A) + \g~\l - |A|)). 



T 

Let (j! := Eaya(1-|A'|)5v. Then 

P z (e w )d^ A (z) = (1 - |A|)P A (e je ) + / P z (e* 9 W(z) <C+ I P z (e ie )d^'(z). 



By the proof of Lemma l8.3l for this specific value of 9, we see that it will be enough to check that 
for some absolute constants Ci, C 2 , one has 

n'{Q{e i6 ,r)) < C x g{Cir), for < r < 2. 

Consider S r := {A' ^ A : A' G Q(e ie \ r)}. For any A' G S r we have 

a(Jy) = g-\l - |A'|) < 2|(9 - Arg(A')| < 2r, 

so the intervals J x > are all contained in [9 — 3r,9 + 3r] . Since they are disjoint, J] cr ( J\> ) < 6r. 

A'es r 

Using that g(x)/x is increasing we have 



| w| 01 sup cr(Jy)) fo , 
1 - |A'| < v ves r y < g(2r) 



A'eE r cr(^A') sup cr(J A ') 2r 

A'GS r 
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Finally, 

/AQ(eV)) = E 1 " < SU P ~~Tt~Y E ^( J a0 < 4^6r = ig(2r). 

■ 

Proof of Proposition Iff. 21 For each Whitney square Q in A, let A(Q) be the point in A n Q such 
that 

log| J B A(Q) (A(g))|- 1 =max{log| J B A (A)|- 1 : A G A n Q}. 

Let E be the sequence formed by {\(Q) ■ Q G A}. By Lemma IQ1 the corresponding measure 
/is has bounded balayage. Therefore, there exists a positive harmonic function h with h(\(Q)) > 
log| J B A(Q) (A(g))|- 1 ifandonlyif 

E(l-|A(Q)|)log| J B A(Q) (A(Q))|- 1 <oo. 

According to condition (c) in Theorem ll.2l one deduces that A G Int N if and only if the last sum 
converges. Furthermore, when this is the case, the function h can always be taken quasi-bounded 
(see Lemma lOT) . so that interpolation can actually be performed in the Smirnov class. ■ 

9. Hardy-Orlicz CLASSES 

Let : R — > [0, oo) be a convex, nondecreasing function satisfying 

(i) lim^oo0(t)/t = oo 

(ii) A 2 -condition: <p(t + 2) < M<p(t) +K,t>t for some constants M, K > and t G R. 

Such a function is called strongly convex (see [RosRov|), and one can associate with it the 
corresponding Hardy-Orlicz class 

H+ = {f eN + : / 0(log |/(C) \)da(() < oo}, 

where is the non-tangential boundary value of / at £ G 9D, which exists almost everywhere. 
In IHar99L the following result was proved. 

Theorem. Let be a strongly convex function satisfying (i), (ii) and the -condition: 

20(t) < <j)(t + a), t>ti 

where a > is a suitable constant and t\ G M. Then AcD is free interpolating for Ti^ if and 
only if A is a Carleson sequence, and in this case 

H^A = {a = (a x ) x : |a| v = E( X ~ | A|)y?(log |a A |) < oo}. 

AeA 

The conditions on <p imply that for all there exist p, q G (0, oo) such that IP C 7^^ C H q . 
In particular, the V 2 -condition implies the inclusion H p C 7^^ for some p > 0. This V 2 -condition 
has a strong topological impact on the spaces. In fact, it guarantees that metric bounded sets 
are also bounded in the topology of the space (and so the usual functional analysis tools still 
apply in this situation; see [Har99| for more on this and for further references). It was not clear 
whether this was only a technical problem or if there existed a critical growth for <\> (below 
exponential growth <f>(t) = e pt corresponding to H p spaces) giving a breakpoint in the behavior 
of interpolating sequences for H^. 
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We can now affirm that this behavior in fact changes between exponential and polynomial 
growth. Let ^ be a strongly convex function with associated Hardy-Orlicz space H<p. Assume 
moreover that <p satisfies 

(9.1) <j)(a + b) < c((f)(a) + (f)(b)), 

for some fixed constant c > 1 and for all a, b > t . The standard example in this setting is 
4> p (t) = t p for p > 1. We have the following result. 

Theorem 9.1. Let <p '■ K — > [0, oo) be a strongly convex function such that (19.11 ) holds. If there 
exists a positive weight w G L 1 (9D) such that (f>ow G L 1 ((9D) andip^ < P[w], then A G IntH^,. 

Proof. Note first that (19.11) implies that is an algebra contained in N + , hence it is sufficient 
to interpolate bounded sequences (see Remark fTTTT) . As in Section^ we set 

9{z) = I ^w(C)da((). 

The reasoning carried out in Section |3]leads to an interpolating function of the form fHexp(g), 
with / G H°°, and H = (2 + g) 2 outer in H p for all p < 1 (note that the measure // defining g 
here is absolutely continuous, in fact p = w da). Also, H p C for any p > by our conditions 
on <fi. By construction, J 0(log | expg|) = / ^ o w < oo so that exp(g) G H<p. Since H<f> is an 
algebra, we deduce that fHexp(g) G Ti^. ■ 

Example 9.2. We give an example of an interpolating sequence for Ti^ which is not Carleson, 
thus justifying our claim that there is a breakpoint between Hardy-Orlicz spaces verifying the 
Vi -condition and those that do not. 

Consider the functions <p p and let A = { A„} n C D be a Carleson sequence verifying I n nlk = 
0, n 7^ k, where are the arcs defined in (11.11) . Since YsnO- ~ < there exists a 

strictly increasing sequence of positive numbers ( r y n ) n such that J^ n (l — |A„|)7„ < oo and 
lim„_ >00 7„ = oo. Setting 

n 

we obtain / 4> p o w = J2n(^- ~ \Ki\)ln < oo and w G L 1 (9D) since p > 1. Associate with 
A a second Carleson sequence Ai = {A^} n such that the pseudo-hyperbolic distance between 

corresponding points satisfies \b\r (A n )| = e~ 7n . Since j n — > oo the elements of the sequence 
A = A U A x are arbitrarily close and A cannot be a Carleson sequence. By construction, 
log |-Ba(A) I _1 < P[w] (A) (as before, we may possibly have to multiply u with some constant c to 
have that condition also in the points A^, but this operation conserves the integrability condition), 
and therefore A G Int Ha., 
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